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Vision
High fidelity data are expensive and scarce

Bmldlng blocks High fidelity mean estimation method
— Suffer high variance in prediction

1. Kernel regression

2. Multifidelity Monte Carlo (MFMC) —— wMultifidelity approach that

minimizes the
variance of prediction

Both are mean estimation method

Goal: Apply IFMC mean estimation for kernel regression
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Kernel regression: definition

X € R%: d-dimensional input variable

fW:R?¢ > R: high fidelity input-output map

YD = fF(X) € R: high fidelity output variable

x € R%*": n i.i.d. realizations of X

y1) € R™: n i.i.d. realizations of Y

x* € R4: unseen point

Kernel regression predicts output by a weighted average of training data

W fy(l) dy(l)

ElyW|x =x*| = [ yW dy
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Kernel regression: derivation

[y® dy™D

E[yW|x = x*] = [ y® dy® =
and are unknown in practice

Kernel regression introduces kernel density function

1 n

-—EK C—x;

n h(x xl)
i=1

n
1
Ez Kp(x* — x) K, (v — )’i(l))
i=1

where K, (-) = % K(;) and K is a kernel function
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Kernel regression: derivation

n
A * 1 %
Pxy® (x 'y(l)) - ;Z Kn(x™ — xi)Kh(y(l) - yi(l))

i=1

where K, (-) = % K(i) and K is a kernel function
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Kernel regression: derivation

(1) (1)
E[Y(l)lX = x*] — fy(l) dy(l) _ fy dy
fy(l) dy(l) %il{h(x - X;)

f y(l) Z?:l thx* - Xi)Kh(y(l) — yl.(l)) dy(l)

/1‘/ For Kn(x* = %))
()

_ i=1 K (X7 = x (1) =y ydy Vi

) 1 Kn(x® — %))

w
E[y@W]x = x*] ~ == y
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Kernel regression: final expression

n

E[Y(1)|X = x*] ~ =1 yl.(l)

_ Z y»

n
=1

where

Note >, w; =1
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Kernel regression: final expression

n

E[y(l)lX — X*] ~ =1 yi(l)

_ z y D

n
=1

where | Summary

* |Introduced kernel regression

* Kernelregression estimates E[Y(l)‘X = x*| using
weighted average of high fidelity outputs

Note }.IL
] Q: High fidelity data is expensive. How can we introduce

lower fidelity data?
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Multifidelity Monte Carlo estimator

Kernel regression estimates mean E[Y(1)|X = x*]

MFMC estimator is a mean estimator that minimizes variance of prediction

|dea: Apply MFMC estimator for kernel regression problem

Recall MFMC estimator

1% 1 1%
E[fD0] ~ =) O +a (‘Z FO0) ==Y f@ (xl-)>

i=1 =1

=1

f@:R4 > R: low fidelity input-output map

: number of high fidelity sample
: number of low fidelity sample

. weight
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Multifidelity kernel regression

 Recall MFMC estimator

1 n m n
E[f 0] ~ - ) 0 + a( > @) -y fO (xl-))

i=1 =1 i=1

» Kernel regression can be reformulated as

ElyW|x = x*| = E[yW|X = x*| + a(E[Y®|X = x*| - E[Y®|X = x*])

» Recall kernel regression

ElyW|x =x*] =

n
i=1

E[yW|x = x*]

Z?
(NgE
=
\

_I_

Q
—
W

=
N
|
NgE
=
N
~
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Multifidelity kernel regression

Recall MFMC estimator

n n

E[FO0] == FO) +a ( WO Wio (x,-)\

* Kel Summary

* Kernelregression and MFMC estimator both approximate mean
* MFMC estimator achieves variance reduction

* Applied MFMC estimator to kernel regression

 Multifidelity kernel regression achieve variance reduction

e Re

A
=1

n
E[yW|Xx =x*] = M+ a(
i=1 1

W

=

N

|

(NgE

=

N
~
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Exponential function example: Set up

—— High fidelity fiV(x) = e*

® Blfldellty fUﬂCtIOnS 140 - -—- Low fld@“ty f(2)(x) — 0.980'5X
f(l) (x) — eXp X 120 A
100 A

f@(x) =09 expx

80 A

>,

x ~U0,5)

60 -
« Correlation coefficient: 0.97 .
» Cost: [1, 0.001] 20 -




Exponential function example: Results

» Multifidelity kernel regression is more robust

Mean squared error (200 replicates)

1200 A --@- Single fidelity
—&— Multifidelity
1000 A
Computational budget mq mo
800 A
10 8 1126
600 - 100 88 11263
400 A
200 -
0 A @
—200 A
2IO 4IO 610 8]0 l(I)O

Computational budget
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Ackely function example: Set up

« Bifidelity functions

High fidelity function Low fidelity function

x ~U(—32.768,32.768)

* Correlation coefficient; 0.76

» Cost: [1,0.001]
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Ackely function example: Results

« Computational budget 50

* Mean squared error
« Single fidelity: 4.21
* Multifidelity: 1.77
High fidelity function Single fidelity KR Multifidelity KR 22.5

n=50 n=48, m=1804 20.0

r17.5
15.0

r12.5

10.0

7.5
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Summary and conclusion

» Defined multifidelity kernel regression model

* Ingredients

» Kernel regression

« MFMC estimator

» Multifidelity kernel regression model is more robust than the single

fidelity counterpart

 Variance reduction is more significant in low budget regime
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